Abstract. Let M be a connected compact contact toric manifold. We first list those manifolds which are not of Reeb type and compute their fundamental groups; we see that, their fundamental groups are infinite abelian. If M is of Reeb type, we show that π 1 (M ) is finite cyclic, and we describe how to obtain the cyclic order of π 1 (M ) from the moment map image.
introduction
Let M be a contact manifold, and α be a contact 1-form on M . Let T k be a connected compact k-dimensional torus. If T k acts on M preserving the contact form α, then it preserves the contact structure ξ = ker(α).
A 2n + 1-dimensional contact manifold M with an effective T n+1 -action preserving the contact structure is called a contact toric manifold. If the Reeb vector field of a contact form on M is generated by an element in t = Lie(T n+1 ), then the contact T n+1 -manifold M is called a contact toric manifold of Reeb type. Recall that a 2n-dimensional symplectic manifold equipped with an effective Hamiltonian T n -action is called a symplectic toric manifold. Contact toric manifolds are the odd dimensional analog of symplectic toric manifolds. Compact symplectic toric manifolds and compact contact toric manifolds are both classified ( [7] and [13] ).
Compact contact toric manifolds can be divided into two classes: Reeb type and non-Reeb type. Those of Reeb type are most analogous to compact symplectic toric manifolds, in the sense that their moment map images are all simple convex polytopes ( [3, 4] ) (for the symplectic case, see [1, 7, 11] ). In particular, those of Reeb type are K-contact and Sasakian manifolds ( [3, 10, 14] ). People work on K-contact and Sasakian manifolds with interest in various aspects.
In this paper, we study the fundamental groups of contact toric manifolds. This study is motivated by the difference we notice on the fundamental groups of symplectic G-manifolds and contact G-manifolds, where G is a connected compact Lie group. The toric case is an important case. Recall that compact symplectic toric manifolds are simply connected ( [2] p235, [17, 18] ). In contrast, T m × S 2n+1−m , where n ≥ 1 and 1 ≤ m ≤ n + 1, are compact contact toric manifolds whose fundamental groups are infinite abelian; 3-dimensional lens spaces are compact contact toric manifolds whose fundamental groups are finite cyclic. We will show that these are the only types of fundamental groups that connected compact contact toric manifolds can have.
First, we give a list of those manifolds which are not of Reeb type. The fundamental groups of these manifolds are easy to obtain except (3), for which we give a proof. Theorem 1. Let M 2n+1 be a connected compact contact toric manifold of dimension 2n + 1. The M 's which are not of Reeb type consists of the following diffeomorphism types:
(1) Next, we consider those manifolds which are of Reeb type. We give two ways of reading their fundamental groups from the moment map image -from the moment cones and from the moment polytopes.
Let Φ be the contact moment map of the compact connnected contact toric manifold (M, α), where α is an invariant contact 1-form. The set
is called the moment cone of Φ. By Theorem 5, if M is of Reeb type, then C(Φ) is a strictly convex rational polyhedral cone. The normal vectors of the facets (codimension one faces) of the cone lie in the integral lattice of t = Lie (T n+1 ). When M is of Reeb type, we can obtain π 1 (M ) using the information on the cone C(Φ) as follows.
Theorem 2. Let (M, α) be a connected compact contact toric manifold of Reeb type with dimension 2n + 1. Let
be the set of primitive inward normal vectors of the facets of the moment cone, ordered in the way that the first n vectors are the normal vectors of the facets which intersect at a (any) 1-dimensional face of the moment cone. Then
In [14] , Lerman considers compact connected contact toric manifolds of Reeb type and their moment cones, and obtains that the fundamental groups of Reeb type manifolds are finite abelian, see Theorem 6.
Next, for Reeb type manifolds, we also consider obtaining their fundamental groups from the moment polytopes. Let M be a compact connected contact toric manifold of Reeb type. There exists an invariant contact 1-form α on M such that its Reeb flow generates a locally free S 1 -action on M (see Lemma 5.1) . In this case, by Theorem 4, the image Φ(M ) of the moment map corresponding to α is a simple rational convex polytope. When the Reeb flow of α generates a free S 1 -action on M , Φ(M ) is an integral polytope (Delzant polytope). In this case we can obtain π 1 (M ) in terms of data on the polytope Φ(M ) as follows.
Theorem 3. Let (M, α) be a 2n + 1-dimensional connected compact contact toric manifold of Reeb type such that the Reeb flow of α generates a free S 1 -action on M . Let Φ be the moment map. Then Φ(M ) is a Delzant polytope whose vertices lie in the integral lattice of the torus. Let d be the number of facets of Φ(M ). Choose a generic component Φ X = Φ, X of the moment map such that its critical set consists of
Then we can write
where l i ∈ N and p i is primitive integral, and we have
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contact toric manifolds and contact moment maps
In this section, we first review the basic material on contact moment maps and moment cones. Then we review some known results on contact toric manifolds, especially on those of Reeb type. This not only constitutes the building blocks for the next sections, but also allows us, in the end of the section, to separate those non-Reeb type manifolds from the class of all compact contact toric manifolds.
Let (M, α) be a co-oriented contact manifold with a compact Lie group G action preserving α. In contrast to the symplectic case, contact moment map Φ : M → g * always exists, it is defined to be
for all x ∈ M and all X ∈ g =Lie(G), where X M is the vector field on M generated by the X-action. This moment map depends on the contact form α: if f is a Ginvariant smooth function on M , then α ′ = e f α gives the same contact distribution ξ = ker(α), but the moment map corresponding to α ′ is
The moment cone of the contact moment map Φ is defined to be
Let M × R, d(e t α) be the symplectization of M , on which G acts on M , and acts on R trivially. Let Ψ be the corresponding symplectic moment map. Then
Now we restrict attention to compact contact toric manifolds. Let M be a connected compact contact manifold of dimension 2n+ 1 with an effective T n+1 action.
In contrast to symplectic toric manifolds, the contact moment map image may not be convex (see [13] ), however, for those manifolds of Reeb type, the moment map image is a simple convex polytope. Moreover, a suitable invariant contact form (which represents the same contact structure) can be chosen so that the corresponding moment map image is a rational polytope. Such a contact form is called quasi-regular in [3] . For the following theorem, the related references are [3, 4, 20] .
Theorem 4. Let M be a 2n + 1-dimensional connected compact contact toric manifold of Reeb type. Then there exists an invariant contact 1-form α on M with contact moment map Φ such that Φ(M ) is a compact simple rational convex polytope of dimension n, lying on the hyperplane R • ⊂ t * , where R ∈ t = Lie (T n+1 ) is the element generating the Reeb vector field, and R
• is its annihilator.
Here, "simple" means that there are n number of edges meeting at each vertex of the polytope, and "rational" means that the normal vectors of the facets of the polytope lie in the integral lattice of R
• . It is proved in ([13, Lemma 2.12]) that 0 / ∈ Φ(M ) for a contact toric manifold (M, α) with moment map Φ. Hence Theorem 4 implies that if (M, α) is a compact connected contact toric manifold of Reeb type, then C(Φ) is a strictly convex polyhedral cone. Strictly convex means that C(Φ) contains no linear subspaces of positive dimension, and "polyhedral" means that C(Φ) is a cone over a polytope. By this fact and by [13, Theorem 2.18], we can describe the moment cone of a contact toric manifold of Reeb type as follows.
Theorem 5. Let (M, α) be a 2n + 1-dimensional connected compact contact toric manifold of Reeb type with moment map Φ. Then C(Φ) is a strictly convex good rational polyhedral cone. We can express
where d is the number of facets of C(Φ), t * ≈ R n+1 is the dual Lie algebra of T n+1 , and the v i 's are primitive integral inward normal vectors of the facets of the cone.
In Theorem 5, as before, the cone being rational means that the v i 's are in the integral lattice of t. The cone being good means that for any codimension l face F l of C(Φ), where 0 < l < n + 1, if we can express
Remark 2.1. In general, for a compact connected contact toric manifold (M, α), by [13] , the moment cone can be the whole vector space t * or contains a proper maximal linear subspace of t * of positive dimension.
Lerman uses the data on the moment cone to express the fundamental group of a contact toric manifold of Reeb type as follows.
Theorem 6. ( [14] ) Let (M, α) be a connected compact contact toric manifold of Reeb type with moment map Φ. Let Z T be the integral lattice of the torus T n+1 , and L the sublattice of Z T generated by the primitive (inward) normal vectors to the facets of C(Φ).
The following result is a consequence of Theorem 6. Or independant of Theorem 6, it is proved by the authors in [10] using techniques of basic cohomology.
We can pick out those contact toric manifolds which are not of Reeb type as follows. By Theorem 6 or Proposition 2.2, the manifolds in the list of Proposition 2.3 are not of Reeb type. We give a proof, based on [13, Theorem 2.18] , that they are all the manifolds which are not of Reeb type.
2n+1 be a connected compact contact toric manifold of dimension 2n + 1. The M 's which are not of Reeb type have the following diffeomorphism types:
where n ≥ 3 and m can be any natural number no bigger than n + 1.
All the rest of the M 's are of Reeb type.
Proof. First, we claim that M is of Reeb type if and only if its moment cone C(Φ) is a strictly convex polyhedral cone. The only if part is by Theorem 5. Conversely, if C(Φ) is strictly convex, then there exists X ∈ t such that Φ(x), X = α x X M (x) > 0 for all x ∈ M . Then we can normalize the contact form α so that X M corresponds to its Reeb vector field, hence M is of Reeb type. Now, we use the classification results on connected compact contact toric manifolds in [13, Theorem 2.18] . By this theorem, when the T n+1 -action on M is free, the moment cone is the whole t * ; the M 's in (1), (3), and (5) with m = n + 1 belong to this case, hence they are not of Reeb type. By the same theorem, when the T n+1 -action on M is not free, the moment cone is not the whole t * , and is a closed convex polyhedral cone. Now assume C(Φ) contains a maximal linear subspace of t * of dimension m, where 0 < m < n + 1. Then C(Φ) is isomorphic to the moment cone of the contact toric manifold M ′ = T m × S 2n+1−m (see [13, Sec. 7] or [15, Theorem 2.1]), and by [13, Theorem 2.18] (4), and (5) with 0 < m < n + 1 belong to this case, hence they are also not of Reeb type. The idea of argument using M ′ appeared in [13, Sec. 7] and [15,
The rest of the M 's have strictly convex moment cones, hence are of Reeb type.
Non-Reeb type manifolds and proof of Theorem 1
In this section, we prove Theorem 1. By Proposition 2.3, we only need to show the following statement.
Proposition 3.1. Let M be the total space of a principal T 3 -bundle over S 2 . Then
classifies the bundle.
The key point is the following fact.
Proposition 3.2. Let M be the total space of a principal T 3 -bundle over S 2 . Then in the long exact sequence of homotopy groups for this fibration
classifies the bundle up to isomorphism.
Let us first assume this result and use it to prove Proposition 3.1.
Proof of Proposition 3.1. By Proposition 3.2, the image of ∂ is (aZ, bZ, cZ).
is a primitive vector. Take another two primitive vectors v 2 and v 3 in Z 3 such that
We use this basis to reparametrize π 1 (T 3 ) = Z 3 so that the image of ∂ is (kZ, 0, 0). Then the claim on π 1 (M ) follows from (3.3). Proposition 3.2 also allows us to obtain:
. If the bundle is trivial, then π 2 (M ) = Z, and if the bundle is non-trivial, then π 2 (M ) = 0.
Proof. The claims follow from (3.3). In particular, trivial bundle corresponds to k = gcd(a, b, c) = 0 and nontrivial bundles correspond to k = gcd(a, b, c) > 0.
It remains to prove Proposition 3.2.
be generators, and let
where a, b and c can be any integers which classify the bundle up to isomorphism, and u ∈ H 2 (S 2 ; Z) is a generator. Since ET 3 is contractible, the homotopy exact sequence for the fibration
Also consider the part for the map ∂ in the exact sequence (3.3), do a commutative diagram chase on homology and cohomology, we get the claim on the map ∂.
Reeb type manifolds -proof of Theorem 2
In this section, we give a proof of Theorem 2 using Lerman's result, Theorem 6.
Proof of Theorem 2. Let Z T be the integral lattice of the torus T n+1 , and L the sublattice of Z T generated by the elements in I. By Theorem 6,
We identify Z T = Z n+1 ⊂ R n+1 . By Theorem 5, the moment cone C(Φ) is a good cone. Hence v 1 , · · · , v n is a Z-basis of an n-dimensional subspace of Z n+1 . So there exists another vector u ∈ Z n+1 such that {v 1 , · · · , v n , u} forms a Z-basis of Z n+1 . Let L ′ be the sublattice generated by the elements in
. Since the elements in I span an n + 1-dimensional vector space, at least one l j = 0. So k = 0. Then
5.
Reeb type manifolds -a new proof of Theorem 2 for the regular case and a key step for the proof of Theorem 3
As we have mentioned, a contact toric manifold of Reeb type admits an invariant contact form whose Reeb flow generates a locally free S 1 -action. In this section, we give an entirely new different proof of Theorem 2 for the regular case that the Reeb flow generates a free S 1 -action. The main results of this section is also a key step for the proof of Theorem 3.
When the Reeb flow generates a free S 1 -action, we have a principal
We use the cohomology of the symplectic toric manifold M/S 1 and the Euler class of this S 1 -fibration to approach the problem. For the case when the S 1 -action is locally free, to use the current arguments, we need an explicit description of the degree 2 integral cohomology of symplectic toric orbifolds which does not appear to be available in the literature. We will illustrate an idea of this case in the appendix.
Let (M, α) be a contact toric manifold of Reeb type. If R ∈ t is the vector which generates the Reeb vector field of α, then choose a vector R ′ in the integral lattice of t, close to R so that α(R
′ is a contact form giving the same contact distribution as α, and its Reeb vector field is R ′ M which generates a locally free S 1 -action on M . This argument works in more generality than the toric case. This idea appeared in earlier works, for example, [3, 10] . We state this fact as follows.
Lemma 5.1. Let (M, α) be a connected compact contact toric manifold of Reeb type. Then we can perturb α to α ′ so that the Reeb flow of α ′ generates a locally free S 1 -action on M .
Lemma 5.2. Let (M, α) be a 2n + 1-dimensional connected compact contact toric manifold of Reeb type with moment map Φ. Assume that the Reeb vector field of α is generated by a primitive integral element R ∈ t = Lie (T n+1 ) ≈ R n+1 . Then up to a reparametrization of T n+1 , we may assume
Proof. Identify t ≈ t * ≈ R n+1 . Since R is primitive integral, there exists A ∈ SL(n + 1, Z) so that AR = (0, · · · , 0, 1). So after reparametrizing T n+1 , we may just assume that R = (0, · · · , 0, 1).
Since R generates the Reeb vector field R M of α, for any m ∈ M , we have
The second claim follows from this. Since C(Φ) is a cone over Φ(M ) and is through 0, the last claim is obvious.
Now we focus on the case when the Reeb flow of a contact form generates a free S 1 -action. In this case, M/S 1 = N is a symplectic toric manifold. By Delzant [7] , smooth symplectic toric manifolds are classified by simple integral convex polytopes. The integral cohomology ring of smooth symplectic toric manifolds can be expressed using data on the convex polytopes. Since we will only use the second cohomology of such manifolds, let us state the generators and their relations of the second cohomology group of smooth symplectic toric manifolds.
Proposition 5.4. [8]
Let (N, ω) be a compact connected symplectic toric manifold of dimension 2n. Assume the moment polytope has d number of facets
where I is the ideal generated by the linear forms
Now we are ready to make our arguments.
Proposition 5.7. Let (M, α) be a 2n + 1-dimensional connected compact contact toric manifold of Reeb type with moment map Φ. Assume that the Reeb flow of α generates a free S 1 -action on M . Let v 1 , v 2 , · · · , v d be the set of primitive inward normal vectors of the facets of the moment cone C(Φ), ordered such that the first n vectors are the normal vectors of those facets which intersect at a 1-dimensional face of C(Φ). Then (up to a sign) the Euler class of the principal
Proof. With no loss of generality, by lemma 5.2, we may assume that the Reeb vector corresponds to (0, · · · , 0, 1), the moment cone lies in the upper half space:
where
and the moment polytope Φ(M ) can be expressed as:
, is the normal vector of the facet F ′ i of the moment polytope Φ(M ) in R n . The quotient N = M/S 1 is smooth symplectic toric. Let ω be the induced symplectic form on N such that π * ω = dα, and Φ the induced moment map on N . Then Φ(N ) = Φ(M ). Since N is smooth symplectic toric, Φ(N ) is a Delzant polytope. We claim that the above normal vectors {v
In fact, the symplectic class [ω] on N is an integral class (may see [6] ). Hence we may assume that the vertices of the polytope Φ(N ) lie in the integral lattice of the hyperplane x n+1 = 1, i.e., Φ(N ) can be expressed as Set each I j = 0 in (5.6), we can express the first n generators {t 1 , t 2 , · · · , t n } in terms of the last d − n generators {t n+1 , · · · , t d }:
Pluging (5.11) into (5.10), we get
Using (5.9), we get (5.8).
The following fact is well known, see for example [2] p235; or one can use the results in [17] or [18] . 
Proof. By assumption,
The manifold N is a symplectic toric manifold. Since by Lemma 5.12, π 1 (N ) = 0, the homotopy exact sequence of this fibration gives
Hence π 1 (M ) is the cokernal of the map ∂. Consider the universal principal
be a generator, which is the Euler class of the
Then a commutative diagram chase shows that the Theorem 2, for the regular case -when the Reeb flow generates a free circle action, or when the moment polytope is simple integral, follows from Proposition 5.13.
Reeb type manifolds -Theorems 2 and 3 in view of Morse-Bott theory
In this section, we first use Morse-Bott theory to give another new proof of Theorem 2 for the part that π 1 (M ) is finite cyclic, then we use Morse-Bott theory and Propositions 5.7 and 5.13 to prove Theorem 3.
Let (M, α) be a connected compact contact toric manifold of Reeb type. By Theorem 4, the moment map image Φ(M ) is a simple convex polytope. In [20] , Sjamaar and Lin show that each component Φ X = Φ, X of Φ, where X ∈ t = Lie(T ), is a T -invariant Morse-Bott function whose critical sets are all of even indices. We can choose a generic component Φ X such that its critical set is
which consists of certain closed and isolated Reeb orbits. We state this fact as follows.
Proposition 6.1.
[20] Let (M, α) be a connected compact contact toric manifold of Reeb type with moment map Φ. Then a generic component Φ X = Φ, X of Φ, where X ∈ t =Lie(T ), is a T -invariant Morse-Bott function with critical sets being isolated closed Reeb orbits. Each connected critical set of Φ X has even index.
Let us use the Morse-Bott function to prove the following proposition.
Proposition 6.2. Let (M, α) be a connected compact contact toric manifold of Reeb type. Then π 1 (M ) is a finite cyclic group.
Proof. First, by Proposition 2.2, H 1 (M ; R) = 0. So π 1 (M ) is a finite group. By Proposition 6.1, we may choose a Morse-Bott function Φ X whose critical set consists of isolated circles. Since M is connected compact, Φ X (M ) is a connected closed interval. Since the Morse index of each critical component is even and M is connected, Φ X has a unique minimum and a unique maximum. Let A be the minimum, and B the maximum of Φ X . Let c 0 , c 1 , · · · , and c m be the critical values, and a 0 , a 1 , · · · , a m−1 the regular values of Φ X so that
We may choose Φ X such that each (Φ X ) −1 (c i ) contains a unique critical component. Let
Then M a0 has the homotopy type of A. Hence
Let C 1 ∈ (Φ X ) −1 (c 1 ) be the critical component. By Morse-Bott theory, M a1 has the homotopy type of M a0 attached by D − (C 1 ), the negative disk bundle of C 1 . By the Van-Kampen theorem,
where S − (C 1 ) is the negative sphere bundle of C 1 . First assume that C 1 has index 2. Then the fiber of D − (C 1 ) is a 2-disk, and the fiber of S − (C 1 ) is a circle. Note that the map
is onto, and ker(f ) = π 1 (S 1 ) = Z, where S 1 is the fiber of S − (C 1 ). The image of ker(f ) = Z in π 1 (M a0 ) = Z has to be a subgroup of Z, hence is
Next assume that C 1 has index bigger than 2. Then the fiber of S − (C 1 ) is simply connected. So the corresponding map f above is an isomorphism, hence
Inductively let Φ X cross the critical levels, and repeat the argument each time attaching the negative disk bundle of a critical set. The argument above shows that only when crossing a critical set of index 2 may result in a change of π 1 of the new space and the previous space. There are finitely many index 2 critical components 
By the first paragraph, k = 0. Now using the idea of Morse-Bott theory and Propositions 5.7 and 5.13, we prove Theorem 3. Since t n+i | 1 ≤ i ≤ m and s i | 1 ≤ i ≤ m are both integral basis of H 2 (N ; Z), the claim follows from (6.5) and (6.6). Combining Proposition 5.13, we get
Appendix A. Discussion on Reeb type manifolds -when the moment polytope cannot be integral
In Section 5, we give a new proof of Theorem 2 for the case when the Reeb flow of a suitable chosen contact form generates a free S 1 -action. In this section, following the approach of Section 5, we give a discussion on the case when the Reeb flow of a contact form generates a locally free S 1 -action. Since in this section, quotient spaces may be orbifolds, and there is the notion of orbifold fundamental group, let us stress that in this paper, fundamental group always means the fundamental group of the topological space.
Proposition A.1. Let M be a connected smooth manifold with a locally free S 1 -action and M/S 1 = N be the quotient space such that π 1 (N ) = 0. Let m be the least common multiple of the orders of all the finite stabilizer groups of the S 1 -action.
Proof. LetM = M/Z m . First, using homotopy lifting, or by [18, Lemma 3.1], we can see that the quotient map q : M →M induces an injection
We need to show that it is a surjection. The circle S 1 /Z m =S 1 ≈ S 1 acts freely onM so thatS 1 ֒→M → N is a principal circle bundle of topological manifolds. Its homotopy exact sequence gives
We only need to show that π 1 (M ) → π 1 (S 1 ) is surjective, whereS 1 is viewed as anS 1 -orbit inM . In other words, we need to show that the generating loop c of anS Proof. Similar to Delzant's construction, by the construction in [16] , N is the symplectic quotient of a symplectic torus K-action on C d , where d is the number of facets of the moment polytope of N . The K-moment map is proper. By [18,
If we can prove the following claim, then together with Lemmas 5.1 and A.2, and Proposition A.1, we would achieve the proof for this case.
. Let (M, α) be a 2n + 1-dimensional connected compact contact toric manifold of Reeb type. Assume the Reeb flow of α generates a locally free S 1 -action on M . Let {v 1 , v 2 , · · · , v d } be the set of inward normal vectors of the facets of the moment cone, ordered such that the first n vectors are the normal vectors of the facets which intersect at a 1-dimensional face of the moment cone. Let m be the least common multiple of the orders of all the finite stabilizer groups of the S 1 -action generated by the Reeb flow, andM = M/Z m . Then
We cannot prove this by using similar arguments as in Section 5, the reason is we do not know well enough the integral cohomology of symplectic toric orbifolds -available tools in the literature do not meet what we need. We propose the following idea, and we describe the problem that arises.
With no loss of generality, by Lemma 5.2, we may assume that (0, · · · , 0, 1) ∈ t generates the Reeb vector field. Denote S Then we use the argument as in the proof of Proposition 5.13 for the principal circle bundle (A.3). By [5] , we can derive that for each t j , a multiple of it, m j t j is an integral class, where m j has to do with the orders of the orbifold singularities of the points in Φ −1 (F ′ j ), where F ′ j is a facet of Φ(N ) andF ′ j is its closure. But a more explicit description in general case seems necessary for our purpose.
